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Monte Carlo simulations are used to study the behavior of two polymers under confinement in a cylindrical
tube. Each polymer is modeled as a chain of hard spheres. We measure the free energy of the system, F ,
as a function of the distance between the centers of mass of the polymers, λ, and examine the effects on the
free energy functions of varying the channel diameter D and length L, as well as the polymer length N and
bending rigidity κ. For infinitely long cylinders, F is a maximum at λ = 0, and decreases with λ until the
polymers are no longer in contact. For flexible chains (κ = 0), the polymers overlap along the cylinder for low
λ, while above some critical value of λ they are longitudinally compressed and non-overlapping while still in
contact. We find that the free energy barrier height, ∆F ≡ F (0)−F (∞), scales as ∆F/kBT ∼ ND−1.93±0.01,
for N ≤ 200 and D ≤ 9σ, where σ is the monomer diameter. In addition, the overlap free energy appears to
scale as F/kBT = Nf(λ/N ;D) for sufficiently large N , where f is a function parameterized by the cylinder
diameter D. For channels of finite length, the free energy barrier height increases with increasing confinement
aspect ratio L/D at fixed volume fraction φ, and it decreases with increasing φ at fixed L/D. Increasing
the polymer bending rigidity κ monotonically reduces the overlap free energy. For strongly confined systems,
where the chain persistence length P satisfies D ≪ P , F varies linearly with λ with a slope that scales as
F ′(λ) ∼ −kBTD−βP−α, where β ≈ 2 and α ≈ 0.37 forN = 200 chains. These exponent values deviate slightly
from those predicted using a simple model, possibly due to insufficiently satisfying the conditions defining the
Odijk regime. Finally, we use Monte Carlo dynamics simulations to examine polymer segregation dynamics
for fully flexible chains and observe segregation rates that decrease with decreasing entropic force magnitude,
f ≡ |dF/dλ|. For both infinite-length and finite-length channels, the polymers are not conformationally
relaxed at later times during segregation.
I. INTRODUCTION
When two self-avoiding polymer chains overlap, each
experiences a reduction in conformational entropy. The
resulting increase in free energy at maximum over-
lap approaches a finite value with increasing polymer
length, and the polymer coils experience a very soft ef-
fective potential that allows for a high degree of mu-
tual penetration.1,2 When the polymers are confined to
a cylindrical space, the overlap free energy can be sig-
nificantly affected. Under the right confinement condi-
tions, it can be sufficiently high to cause segregation of
the polymers.3,4 Such entropy-driven demixing of con-
fined polymers may be relevant for some biological pro-
cesses. Notably, it has been proposed to be the dom-
inant mechanism for chromosome separation in bacte-
ria, with proteins identified as segregation factors serving
mainly to create the right conditions for entropy-driven
segregation.4–6 While several recent studies have chal-
lenged this view,7–11 an understanding of bacterial chro-
mosome separation remains elusive and the importance
of entropy as a driving force is currently not clear.12,13
Computer simulation studies have provided in-
sight into the segregation of polymers under
confinement.4,14–25 Most studies have considered systems
comprised of flexible linear polymers,4,14–18,20,21,23,25
though some have have examined segregation of ring
polymers,19,22,24 as well as the effects of bending
rigidity23 and molecular crowding.24 In the case of
linear polymers, the role of cylindrical confinement in
modulating the entropic repulsion has been investigated
by examining the dependence of the polymer miscibility
and intrachain ordering statistics on the confinement
dimensions and chain density.18,20 It was found that
chains demix even outside the de Gennes linear ordering
scaling regime. In addition, it was observed that the
degree of separation increases with increasing asymmetry
of the confinement space (i.e. more elongated cylinders)
and decreases with increasing volume fraction of the
monomers. The variation of the chain miscibility with
the confinement dimensions was used to predict the
corresponding behavior for ring polymers using a scaling
of the cylinder diameter D → D/√2,19 and the analysis
suggests that E. coli chromosomes are linearly ordered
and lie in the spontaneous segregation regime.19,20
The miscibility of confined polymers is determined by
the form of the variation of the free energy with the de-
gree of polymer overlap. In principle, this can be cal-
culated using probability distributions obtained directly
from simulations. Jung et al. measured such distribu-
tions for the distance between the polymer centers of
mass of two flexible chains and found that they were
sharply peaked at wide separations for sufficiently large
L/D but were significantly broader for more symmetric
confinement.20 The latter result is consistent with the
prediction that there is no entropic cost for segregating
chains in a spherical confining cavity.15 The results are
indicative of a free energy function with a deep mini-
2mum at large L/D that becomes more shallow as the
confining space becomes more symmetric. Polymer mis-
cibility under confinement has also been studied using
analytic forms of the free energy function estimated us-
ing a de Gennes blob scaling analysis.15,16,21 Assuming
that the polymer chain remains in conformational quasi-
equilibrium, the free energy functions can be used to pre-
dict the dynamics of polymer segregation. Arnold and
Jun used such a simple model to study segregation in in-
finitely long cylinders and interpret results from Langevin
simulations.16 Liu and Chakraborty employed an esti-
mate of the free energy for a mean first-passage time
analysis of the Fokker-Planck equation to study the dy-
namics of segregating chains in a 2-D system.21 In differ-
ent limiting cases, the predictions yielded a scaling of the
segregation time, τ , with polymer length that was con-
sistent with results from Monte Carlo (MC) dynamics
calculations. However, quantitative discrepancies were
appreciable, pointing to the limitations of the simple an-
alytical model employed to describe the free energy func-
tion.
In this study, we use MC simulations to calculate the
free energy as a function of polymer separation for two
polymer chains confined to a cylindrical tube. In order
to obtain quantitatively accurate functions over a wide
range of separations, we employ a technique26 that we
have previously used to calculate free energy functions for
polymer translocation.27–29 We study the dependence of
the free energy functions on the dimensions of the confin-
ing cylinder, the polymer length, the volume fraction and
the polymer stiffness. To our knowledge, this is the first
such systematic study of the overlap free energy for cylin-
drically confined systems.30 The calculated free energies
are used to test predictions of simple analytical models
used in other studies. We find that scaling arguments
can account for the observed trends, though the mea-
sured scaling exponents differ somewhat from the pre-
dicted values. In addition, we carry out MC dynamics
simulations to study the segregation dynamics and inter-
pret the results using the free energy functions. In the
early stages of segregation, the observed dynamics are
in semi-quantitative agreement with the predictions. At
longer times, the polymers are conformationally out of
equilibrium, and the free energy functions are less useful
for understanding the dynamics.
II. MODEL
We employ a minimal model of two polymer chains
confined to a cylindrical tube. Each polymer is modeled
as a chain of N hard spheres, each with a diameter of
σ. The pair potential for non-bonded monomers is thus
unb(r) =∞ for r ≤ σ and unb(r) = 0 for r > σ, where r is
the distance between the centers of the monomers. Pairs
of bonded monomers interact with a potential ub(r) = 0
if 0.9σ < r < 1.1σ and ub(r) = ∞, otherwise. Conse-
quently, the bond length can fluctuate slightly about its
average value. The polymers are confined to a hard cylin-
drical tube of diameter D. Thus, each monomer interacts
with the wall of the tube with a potential uw(r) = 0 for
r < D and uw(r) =∞ for r > D, where r is the distance
of a monomer from the central axis of the cylinder. Thus,
D is defined to be the diameter of the cylindrical volume
accessible to the centers of the monomers. For confining
tubes of finite length, each end of the cylinder is capped
with a hemisphere whose diameter is equal to that of the
cylinder. The length, L, of the capped tube is defined
be that of the cylindrical portion of the volume. This is
illustrated in Fig. 1.
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FIG. 1. Illustration of the definition of the tube diameter, D,
and length, L, for a finite length confining tube. Also shown
are the following quantities measured in the simulations: the
distance between polymer centers of mass, λ; the chain ex-
tension length, Lext; the polymer overlap distance, La; and
the non-overlap distance, Lb. These distances are measured
along the z axis.
Most of the simulations in this study employ fully flex-
ible polymer chains. However, in some cases we consider
the effects of bending stiffness on the free energy func-
tions. To do this, we employ a bending potential associ-
ated with each consecutive triplet of monomers. The po-
tential has the form, ubend(θ) = κ(1−cos θ). The angle θ
is defined at monomer i such that cos θi ≡ uˆi ·uˆi+1, where
uˆi is a normalized bond vector pointing from monomer
i− 1 to monomer i. The bending constant κ determines
the stiffness of the polymer and is related to the persis-
tence length P by κ/kBT = P/〈lbond〉, where 〈lbond〉 is
the mean bond length.
III. METHODS
Monte Carlo simulations employing the Metropo-
lis algorithm and the self-consistent histogram (SCH)
method26 were used to calculate the free energy func-
tions for the polymer-nanopore model described in Sec-
tion II. The SCH method provides an efficient means to
calculate the equilibrium probability distribution P (λ),
and thus its corresponding free energy function, F (λ) =
−kBT lnP (λ), where kB is Boltzmann’s constant and
T is temperature. The method circumvents the prob-
lem of poor statistics that would otherwise occur when
the variation in F with respect to λ exceeds a few
3kBT . The method is similar to that used by Narros et
al. to calculate effective potentials between overlapping
polymers.31,32
To implement the SCH method, we carry out many
independent simulations, each of which employs a unique
“window potential” of a chosen functional form. The
form of this potential is given by:
Wi(λ) =


∞, λ < λmini
0, λmini < λ < λ
max
i
∞, λ > λmaxi
(1)
where λmini and λ
max
i are the limits that define the range
of λ for the i-th window. Within each “window” of λ, a
probability distribution pi(λ) is calculated in the simu-
lation. The window potential width, ∆λ ≡ λmaxi − λmini ,
is chosen to be sufficiently small that the variation in F
does not exceed a few kBT . Adjacent windows overlap,
and the SCH algorithm uses the pi(λ) histograms to re-
construct the unbiased distribution, P (λ). The details
of the histogram reconstruction algorithm are given in
Ref. 26, and a description for an application to a physi-
cal system comparable to that studied here is presented
in Ref. 27.
Polymer configurations were generated using transla-
tional displacements of the monomers. The displacement
in each dimension was chosen from a uniform distribu-
tion in the range [−∆max,∆max]. The trial moves were
accepted with a probability pacc = min(1, e
−∆E/kBT ),
where ∆E is the energy difference between the trial and
current states. The maximum displacement parameter
was typically chosen to be ∆max = 0.22σ. In addition to
translational monomer displacements, we also employed
standard reptation moves in simulations of systems with
finite bending rigidity. Initial polymer configurations
were generated such that λ was within the allowed range
for a given window potential. The system was equili-
brated for typically ∼ 107 MC cycles, following which a
production run of ∼ 108 MC cycles was carried out. Dur-
ing each MC cycle a move for each monomer is attempted
once, on average.
The windows are chosen to overlap with half of the
adjacent window, such that λmaxi = λ
min
i+2 . The window
widths were typically ∆λ = σ or ∆λ = 2σ. The num-
ber of windows (and, therefore, the number of indepen-
dent simulations) was determined by the range of λ. The
range was given by λ ∈ [0, λmax]. In the L = ∞ case,
the value of λmax was determined by the condition that
the polymers had negligible probability of contact. This
corresponds to a region where the free energy is con-
stant with respect to λ. As an illustration, for a system
of polymers of length N = 200 in a cylinder of diam-
eter D = 4σ, a value of λmax = 120σ was used. This
required simulations for 119 different window potentials
for ∆λ = 2σ. In the finite-L case, λmax is limited by
monomer crowding near the caps of the cylinder, and
values were chosen to account for this. For each simula-
tion, individual probability histograms were constructed
using the binning technique with 10 bins per histogram,
pi(λ).
In addition to free energy calculations, Monte Carlo
dynamics simulations were used to study the segregation
dynamics of the two confined polymers. Polymer motion
was generated solely through random monomer displace-
ment. Each coordinate displacement was randomly cho-
sen from a uniform distribution [−0.22σ, 0.22σ]. A trial
move was rejected if it led to overlap with another non-
bonded monomer, violation of the bonding constraint,
or overlap with the channel wall. The polymer config-
urations were initially chosen such that λ = 0. In the
case of finite-L tubes, the polymer centers of mass were
fixed near the center of the tube, as measured along the
z axis. Otherwise, initialization was carried out in the
same manner as described above for the free energy sim-
ulations. Following equilibration, the segregation pro-
cess was examined by measuring the time dependence of
various quantities. We simulated typically 500 – 2000
segregation events to calculate averages of these time-
dependent quantities.
The following quantities were measured in both the
free energy simulations and the MC dynamics simula-
tions: (1) λ, the distance between polymer centers of
mass; (2) La, the overlap distance of the polymers along
z; (3) Lb, the average length of the non-overlapping
portions of the chains, measured along z; (4) Lext(=
La + Lb), the average extension length of each polymer,
measured along z. These quantities are illustrated in
Fig. 1. In the results presented below, lengths are mea-
sured in units of σ, the monomer diameter. In addition,
time is measured in MC cycles, where 1 MC cycle corre-
sponds to one attempted move per monomer, on average.
For simulations of polymers with finite bending rigidity,
the bending constant κ is measured in units of kBT .
IV. RESULTS
A. Infinite length confinement cylinder
We consider first the case of fully flexible polymers (i.e.
κ = 0) confined to cylindrical tubes of infinite length.
Figure 2(a) shows a free energy function for a system of
polymers of length N = 200 confined to a tube of diam-
eter D = 4. As expected, the free energy increases as
the overlap of the polymer chains increases, and reaches
a maximum when λ = 0. This is due to the reduction
in conformational entropy of overlapping chains. There
are four distinguishable regions, each of which are la-
beled in the figure: (I) In the region 0 < λ . 5, F is
approximately constant. (II) For 5 . λ . 51, F de-
creases roughly linearly with λ, though the curve does
have a slightly negative curvature in this region. (III)
For 51 . λ . 90, F continues to decrease with λ, though
the curve has clearly positive curvature. (IV) For λ & 90,
F is constant. The general shape of the function in this
figure is also observed for different values of N and R,
4though the domain boundaries are dependent on these
parameters.
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FIG. 2. (a) Free energy function for two chains of length
N = 200 in an infinitely long cylinder of diameter D = 4.
The dashed line shows an appropriately scaled free energy
function for a single chain in a tube capped at one end with
a flat wall, as described in the text. (b) Variation of La, Lb
and Lext with λ.
Region I is due to an effect exhibited for nearly over-
lapping centers of mass in which one polymer tends to
extend farther on each side than the other, with the
longer and shorter polymers periodically swapping iden-
tities. Only when λ is sufficiently large to prevent such
“nesting” of chains will an increase in λ correspond to
an increase in the actual overlap in the monomers and,
thus, to a change in F . A similar effect was observed
recently in simulations of two overlapping polymers con-
fined to a cylinder with one end of each tethered to a
capped end of the tube.25 The significance of the other
domains is clear from the results shown in Fig. 2(b),
which shows the average values of La, Lb, and Lext as
a function of λ. In region II, the polymers overlap, but
the overlap distance La decreases as the polymer cen-
ters of mass become more widely separated. In a narrow
region of 51 . λ . 55, there are abrupt decreases in
the polymer extension length Lext as well as La, which
falls to zero. Following this abrupt change, La remains
close to zero, while Lext and Lb both increase with λ.
Thus, region III corresponds to the case where the poly-
mers do not overlap, but are in contact and longitudinally
compressed. This compression decreases as the polymer
centers of mass separate. For L & 90 in region IV, we
observe La < 0, and the value becomes increasingly nega-
tive with increasing polymer separation. This means that
the polymers are no longer in contact and that the dis-
tance between the nearest pair monomers on each poly-
mer is increasing. In addition, Lext is constant in this
region. Thus, the separation distance of non-interacting
polymers does not affect their conformational state, and
the free energy does not depend on the distance.
To further understand the variation of F in region III,
we have carried out the following simulation. We measure
the free energy of a single N = 200 chain in a D = 4 tube
that is capped at one end with a flat wall. We then mea-
sure F as a function of the distance between the center
of mass of the polymer and its mirror image on the other
side of the wall. This should approximate the behavior
of two chains that are in contact, but do not overlap. For
a quantitative comparison, the free energy is scaled by a
factor of 2, to account for the presence of two chains in
the original system. The scaled function is shown as a
dashed curve in Fig. 2(a). The function follows that of
the two-chain system very closely in region III, with the
same positive curvature. Thus, in region III, the poly-
mer chains interact as though the interface between them
forms an impenetrable wall. There is a slight shift of the
solid curve toward lower λ, which is likely due to the
flexibility and slight penetrability of the interface in the
two-chain system, in contrast to the case for a true hard
wall. Note that the dashed curve diverges from the orig-
inal two-chain function once the chains begin to overlap,
as expected.
The effects of varying the polymer chain length, N , on
the free energy functions are shown in Fig. 3. Results are
shown for D = 2 and D = 4 in Figs. 3(a) and (b), re-
spectively, and the data is scaled by 1/N on each axis. In
each case, the scaled functions overlap to a considerable
degree. The overlap is poorest for low N (notably so for
N = 10). The curves appear to converge with increasing
N , and convergence is evidently faster for D = 2 than for
D = 4. Thus, the results suggest that F/N = f(λ/N ;D)
for sufficiently large N , where f is a function parameter-
ized by the tube diameter D. The deviations for short
N are likely due to chain-end effects, which are expected
to be more significant for wider confinement tubes where
the chain is less stretched along z and more monomers
are close to the extrema positions of the polymer. Confir-
mation of this hypothesis requires simulations for appre-
ciably greater N , which, unfortunately, is not computa-
tionally feasible at present. The height of the free energy
barrier, ∆F ≡ F (0) − F (∞), varies linearly with N , as
is evident from the scaled curves as well as the inset of
the figure. Slight deviations from linearity (not evident
in the figure) occur at low N due to the finite-size effects.
Note that the rate of increase of F with N is greater for
the more confined system, as expected.
A simple explanation for the apparent scaling of F
with N is as follows. In regime II, it is plausible that
F ∝ Na, where Na is the average number of monomers
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FIG. 3. (a) Scaled free energy functions for two polymer
chains confined in an infinitely long cylindrical tube of di-
ameter D = 2. Results are shown for several different val-
ues of polymer length, N . The inset shows the variation of
∆F ≡ F (0) − F (∞) vs N . (b) As in (a), except for a tube
diameter of D = 4.
per polymer in the overlap region. This is consistent with
the limiting case of maximum overlap at λ = 0, where
∆F ∝ N was observed. Assuming that monomer densi-
ties are uniform (though distinct) in the overlapping and
non-overlapping regions, it is easily shown that Na =
Nu(λ/N ;D), where u is a function parameterized by D,
which controls the polymer subchain length per monomer
in the overlapping and non-overlapping regions. Thus,
F/N = u(λ/N ;D), where the proportionality constant
has been absorbed into the function u. In regime III, the
polymers do not overlap but are each compressed. We
employ the renormalized Flory theory of Jun et al.33 to
estimate the variation of F with Lext. Those authors note
that the free energy for a polymer of extension length
Lext is βF = AL
2
ext/(N/g)D
2 + BD(N/g)2/Lext, where
A and B are constants of order unity and g ≈ (D/σ)5/3
is the number of monomers in a compression blob of di-
ameter D. From Fig. 2(b) we observe that Lext ≈ cλ
in this regime, where c is a D-dependent proportional-
ity constant. It follows that βF/N = w(λ/N ;D), where
w(x;D) = (2Agc2/D2)x2 + (2B/cg2)x−1. This expres-
sion for F is expected to be valid in the regime where
Lext exceeds approximately half of its average length.
33
Fig. 2(b) clearly shows that this condition is satisfied in
regime III. Thus, in regimes II and III the observed scal-
ing of F with N is predicted. The cross-over between
the regimes occurs at λ∗ determined by the condition
u(λ∗/N ;D) = w(λ∗/N ;D). Finally, the relative width
of regime I is expected to vanish as N → ∞, and F is
of course invariant to λ in regime IV. Thus, we predict
F/N = f(λ/N ;D) for sufficiently large N .
Figure 4 shows the effect on F (λ) of variation in the
confining tube diameter, D. Results are shown for poly-
mers of length N = 200. As expected the polymer over-
lap free energy decreases with increasing diameter. This
follows from the fact that an increase in D means the
polymers have greater freedom in the transverse direction
(i.e. x-y plane) and thus require less conformational dis-
tortion (i.e. reduction in entropy) in overlapping config-
urations. The variation of the free energy barrier height,
∆F , is shown in the inset of the figure on a log-log scale.
Clearly, there is a power law relation between ∆F and D,
and a fit to the data yields ∆F ∼ D−1.93±0.01. A slight
deviation from this scaling is evident for the widest tube
considered (D = 9) and is most likely due to chain-end
effects.
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FIG. 4. Free energy functions for two polymer chains, each of
length N = 200, confined in an infinitely long cylindrical tube.
Results are shown for several different values of the cylinder
diameter, D. The inset shows the variation of ∆F ≡ F (0)−
F (∞) vs channel diameter. A scaling of β∆F ∼ D−1.93±0.01
is observed.
To understand the observed dependence of ∆F on N
and D, we consider an approach followed in Ref. 23,
which borrows from a previous treatment of a ring poly-
mer in a confining channel.19 In Ref. 19, it was suggested
that a ring polymer confined in a cylinder can be viewed
as two overlapping chains, each with a length that is half
of that of the ring. The latter picture corresponds to the
present system with λ = 0. Polymers that overlap can be
viewed as occupying an effective tube with half the cross-
sectional area, i.e. with a reduced diameter of D/
√
2. In
the context of the de Gennes blob model, the confine-
ment free energy of a single chain in a tube of diameter
D is given by Fc(N,D) ∼ kBTND−1/ν, where the scaling
exponent has the value ν ≈ 0.588 for good solvent condi-
tions. Two non-interacting chains in the same tube have
6a free energy of confinement that is double this value.
Thus, the predicted free energy difference between two
confined polymers of length N in the non-overlapping
(high λ) and completely overlapping (λ = 0) limits is
thus, ∆F = 2Fc(N,D) − 2Fc(N,D/
√
2), which yields
∆F ∼ kBTND−γ, where γ = 1/ν ≈ 1.7. The predicted
linear variation with respect to N is consistent with the
results shown in Fig. 3. On the other hand, the exponent
of γ = 1.7 differs from the value of 1.93 ± 0.01 obtained
from the data in Fig. 4. This discrepancy may arise in
part from the simplistic approach of using an effective
reduced tube diameter to account for overlapping chains.
More likely, it results from the use of the blob model
outside the appropriate regime. Such discrepancies have
been observed in other studies. For example, Kim et
al. have noted that the scaling of the effective chain
elasticity yields results consistent with the predictions of
the blob model only for relatively large tube diameters
(D > 10), while it yields unexpected scaling for smaller
diameters, such as those employed in this study.34 More
relevant to this work, Racˇko and Cifra measured the con-
finement free energy of single N = 800 chain of variable
bending stiffness and observed a scaling exponent for the
fully flexible case that clearly satisfies γ > 1/ν for tube
diameters comparable those here (see Fig. 2 of Ref. 23).
Let us now consider the dynamics of segregation for
polymers confined to infinite length cylinders. Fig-
ure 5(a) shows the variation of the average λ, La and Lext
with time, upon release from a state where the polymer
centers of mass overlap (i.e. λ = 0). Results are shown
for chains of length N = 200 in a cylinder of diameter
D = 4. As expected, during segregation, λ increases
and the overlap distance La decreases. Note that neg-
ative values of La correspond to the (negative) distance
between nearest monomers on the chains after they no
longer overlap. The polymer extension length Lext ini-
tially decreases, which is followed by a slight, gradual
increase. It is useful to consider the relation between the
lengths La and Lext, and the center of mass distance,
λ, during segregation. Figure 5(b) shows this relation
measured for the dynamics simulations and compares the
values with those from the (equilibrium) free energy cal-
culations. In the initial stages of segregation, the dy-
namics and equilibrium curves are in reasonably good
quantitative agreement. At a later stage there is a more
pronounced discrepancy between the two sets of results
for both La and Lext. This occurs in region III where the
polymers are compressed and in contact, but not over-
lapping. During the segregation process in the dynamics
simulation, the non-overlapping section of the polymer
is not able to retract to its equilibrium length, and thus
La and Lext are both greater than the equilibrium val-
ues. This out-of-equilibrium behavior eventually ends at
later times for separation distances, λ, corresponding to
non-touching chains.
The discrepancy between the results for equilibrium
and dynamics simulations shown in Fig. 5(b) was also
observed for polymers of various lengths and cylinder di-
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FIG. 5. (a) Variation of λ, La and Lext with time during poly-
mer segregation for a system with N = 200 and D = 4. The
polymers start with λ = 0. (b) Variation of La and Lext with
λ. Results are shown for segregation dynamics simulations
and for equilibrium simulations.
ameters (data not shown). Thus, out-of-equilibrium con-
formational behavior at later times appears to be a gen-
eral result. Thus, using free energy functions to provide
quantitative predictions of polymer segregation dynamics
during the later stages of the process is not appropriate.
This applies, for example, to using F (λ) in an analysis of
the Fokker-Planck equation to predict segregation times
for large L systems.
In the early stages of segregation the polymers do re-
main conformationally relaxed. This corresponds to the
regime where the polymers overlap (region II, as labeled
in Fig. 2), and the free energy varies approximately lin-
early with λ for sufficiently long polymers. Thus, the
magnitude of the effective force, f ≡ |dF/dλ|, is con-
stant. The average relative velocity is approximately
v(≡ dλ/dt) = 2f/γ, where γ is the friction of each
polymer and the factor of two accounts for the pres-
ence of two chains moving in opposite directions. We
assume that the friction of the individual monomers is
additive, γ ≈ γ0N , Defining scaled variables λ′ ≡ λ/N
and t′ ≡ t/N2, it follows that dλ′/dt′ should be constant
and thus independent of N . From Fig. 3 the regime of
validity is 0.03 . λ′ . 0.4 for D = 2. Figure 6 shows
7λ′ vs t′ for systems of various N for this tube diame-
ter. The curves are approximately parallel to each other,
with the higher N curves shifted to higher t′. To ac-
count for this shift, we use an approach similar to one
employed in Ref. 16. We first note that F is approxi-
mately independent of λ in regime I (λ′ . 0.03), within
which polymer separation is governed by diffusion. The
time required to reach the regime transition scales as
tdiff ∼ (0.03L(max)a )2/2Ddiff ∼ N3, where L(max)a (∼ N)
is the extension length of the two fully overlapping poly-
mers, and Ddiff (∼ 1/N) is the polymer diffusion coeffi-
cient. Thus, polymers are expected to cross into regime II
at a scaled time t′ ∼ N , which is approximately consis-
tent with the observed shift in the curves. In regime II,
the functions are not quite linear but are rather slightly
curved, which is due to the slight curvature in the free
energy curves in Fig. 5(a) in this regime. As is evident
from the inset of Fig. 6, the derivatives dλ′/dt′ are quan-
titatively comparable, though there is a slight reduction
in the values with larger N . This is likely a consequence
of the fact that scaled free energy functions in Fig. 3(a)
have not quite converged over the range N = 30–200.
It may also be related to the very slight deviation from
conformational equilibrium in regime II evident for La in
Fig. 5. In spite of these discrepancies, the segregation dy-
namical behavior during the initial stages of the process
is nevertheless reasonably consistent with predictions us-
ing the free energy functions.
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FIG. 6. Variation of λ′ ≡ λ/N vs t′ ≡ t/N2 for two polymers
in an infinitely long cylinder of diameter D = 2. Results are
shown for different N . The inset shows the derivative dλ′/dt′
vs t′ for the same data.
B. Finite length confinement cylinder
Next we consider the case of flexible chains (κ = 0)
confined to a cylindrical tube of finite length, L. Fig-
ure 7(a) shows the variation of F with λ for a system
of chains with length N = 200 in a tube of diameter
D = 4 and a length of L = 90. Figure 7(b) shows the
variation in the mean values of La, Lb, and Lext with λ.
The general trends are similar to those of the infinite-
length case shown in Fig. 2, except for a steep rise in
F at high λ, which leads to a free energy minimum at
λ ≈ 57. This rapid rise is due to the presence of the
hemispheric caps on the confining tube. When the poly-
mer center of mass separation is sufficiently great, the
chains press against the hemisphere walls, and the crowd-
ing of monomers reduces the conformational entropy of
the chain. This crowding also leads to a reduction in the
polymer extension Lext at large λ.
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FIG. 7. (a) Free energy function for two chains of length
N = 200 in a cylinder of diameter D = 4 and length L = 90.
(b) Variation of La, Lb and Lext with λ. Negative values of
La correspond to the (negative) distance between the nearest
ends of non-overlapping chains.
Figure 8 shows free energy functions for N=200 chains
in a tube of diameter D=4 for lengths ranging from
L=90 to L=∞. The curves have been shifted along
the vertical axis so that F = 0 for complete overlap
at λ = 0. The general features are similar for all of
the finite-L curves: each curve rises steeply at high λ
and exhibits a free energy minimum corresponding to
the most probable polymer center of mass separation dis-
tance in equilibrium. The height of the free energy bar-
rier, ∆F ≡ F (0)− F (λmin), and the location of the free
energy minimum, λmin, both increase with increasing L.
In addition, the ratio λmin/L ≈ 0.51 is nearly invariant
with respect to tube length L (data not shown). For
larger L, where the polymers have negligible contact at
distances where they are in contact with the end caps of
8the tube, the curves in Fig. 8 exhibit a broad flat mini-
mum in F with a value equal to that for L=∞ (data not
shown).
0 20 40 60 80 100 120 140
λ
-80
-60
-40
-20
0
βF
L=90
L=110
L=130
L=150
L=170
L= ∞
FIG. 8. Free energy functions for polymer chains of length
N = 200, confined in a cylindrical tube of diameter D = 4.
Results are shown for several different values of the cylinder
length, L. The free energy curves are shifted such that F = 0
at λ = 0.
Some quantitative aspects of the results in Fig. 8 can be
understood by comparing the results with those of L =∞
shown in Fig. 2. The free energy barrier height, ∆F ,
for finite L approaches that for L=∞ at a tube length
equal to the minimum cylinder length for which two poly-
mers can fit inside without overlap or compression. This
can be estimated from the relation L + D = 2Lext(∞),
where Lext(∞) is average extension for a single polymer
in an infinite cylinder. We note that Lext(∞) ≈ 88 for
N = 200 and D = 4 (see the curve for Lext at large λ in
Fig. 2(b)). Consequently, the critical tube length is pre-
dicted to be L ≈ 172, which is approximately consistent
with the results in the figure. Likewise, the convergence
of F for finite L with that of L = ∞ in regime II up to
λ ≈ 51 for L & 130 is also straightforward. At λ = 51,
the combined average extension length of the overlapping
chains for L = ∞ is La + 2Lb ≈ 130 (using data from
Fig. 2(b)). This corresponds to the minimum length of
the confinement tube that can fit two polymers with this
degree of overlap with no deformation from longitudinal
confinement. More generally, the deviation of F from
the L = ∞ curve is expected to occur at lower degrees
of overlap, i.e. lower λ, as the confinement length is re-
duced. This trend is clearly evident in Fig. 8.
Next we consider the effects on the free energy of in-
dependently varying the confinement space aspect ratio,
L/D, and the monomer packing fraction, φ ≡ 2Nv/V ,
where v ≡ piσ3/6 is the volume per monomer and where
V is the (fixed) confinement volume. Generally, increas-
ing L/D increases the free energy barrier, ∆F , as well
as the equilibrium separation, λmin. Figure 9(a) shows
the variation of ∆F with L/D for three different pack-
ing fractions, and illustrates clearly the increase of ∆F
with L/D. It is also evident that the barrier height in-
creases with decreasing φ. Such an increase in the free
energy cost of overlapping chains leads to more effective
demixing. This effect may arise in part from the change
in the width of the polymer relative to the tube dimen-
sions as φ is varied. Nevertheless, our results are qual-
itatively consistent with the results of Jung et al. for a
comparable model system, who found that polymer mis-
cibility decreased (i.e. the tendency for chain demixing
increased) with increasing L/D and decreasing φ.20 As
L/D becomes smaller, the barrier heights for different
φ converge and tend toward zero. The trend is consis-
tent with the prediction of negligible free energy cost for
overlapping chains under spherical confinement.15 The
results are also qualitatively consistent with results from
a recent simulation study for the concentrated regime.17
Figure 9(b) shows the relative free energy minimum posi-
tion λmin/L vs L/D. Over the range of L/D considered,
λmin/L is independent of φ. In addition, the dependence
of λmin/L on L/D is very weak, and has a value near
λmin/L ≈ 0.51. At low L/D, λmin/L increases slightly,
an indication that the chains are becoming slightly more
miscible. The trends for λmin are consistent with those
for the positions of the peaks of the probability distribu-
tion shown in Fig. 2(a) of Ref. 20.
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FIG. 9. (a) Free energy barrier height, β∆F , and (b) relative
free energy minimum position, λmin/L, vs cylinder asymme-
try, L/D. Data are shown for N = 200 for three densities.
The solid lines are guides for the eye.
Figure 10 shows the time-dependence of λ during seg-
regation for polymers of length N = 200 in a tube of di-
ameter D = 4. Data are shown for the same values of L
corresponding to the free energy functions in Fig. 8. Gen-
erally, the segregation rate increases monotonically with
increasing L, though the rates are very close for L ≤ 130
at short times. Similar trends are observed for the time-
dependence of La during segregation (data not shown).
These trends are consistent with expectations based on
the trends in Fig. 8 for the entropic force f ≡ |dF/dλ|,
where we note that f increases with increasing L, though
f converges for low λ for L . 130.
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FIG. 10. Time dependence of λ during segregation for poly-
mers of length N = 200 in a cylinder of diameter D = 4 and
finite length. Results for several different cylinder lengths are
shown.
Figure 11 shows the relationship of La and Lext with
λ during segregation. The results are overlaid on those
for a system in equilibrium acquired during the simu-
lations used to obtain the free energy functions. The
results follow a trend similar to that for L = ∞ evident
in Fig. 5. During the first stage of segregation (λ . 50
and t ≤ 1.2 × 107) the polymer extension length Lext is
very close to the equilibrium values. The overlap length,
La, is also close, though somewhat lower at very early
times. As in the L = ∞ case, the rapid reduction in
Lext and La for the equilibrium system is not observed
in the dynamics simulations. Thus, the system goes out
of equilibrium during this stage, before reaching the free
energy minimum at λ ≈ 66.
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FIG. 11. Variation of La and Lext with λ during polymer
segregation for a system with N = 200, D = 4, and L = 130.
Results are shown for segregation dynamics simulations and
for equilibrium simulations.
C. Effects of bending rigidity
Finally, we consider the case of polymer chains of fi-
nite bending rigidity. Figure 12 shows several free energy
functions for various values of the polymer stiffness con-
stant, κ, for a system of chains of length N = 200 in an
infinitely long confinement cylinder of diameter D = 4.
As the chains become more rigid, the free energy barrier
height, ∆F ≡ F (0)−F (∞), decreases. As is evident from
the inset of the figure, ∆F appears to level off asymp-
totically to a finite value at large κ, in the limit where
the polymers become stiff rods. In addition to this trend,
the free energy functions become broader with increas-
ing κ. This is due to an increase in the average extension
length of the chains as they stiffen. As chains extend
further along the cylinder, they can interact over greater
distances. Thus, the reduction in conformational entropy
(and increase in F ) due to this interaction will occur at
larger λ. For these N = 200 chains, it is expected that
the maximum value for which F > 0 should asymptoti-
cally approach λ = 200, which is the maximum separa-
tion of rigid linear chains for which contact between the
chains is possible. (This estimate neglects the fluctua-
tions in the contour length due to the slight variability
of the bond length.) This is consistent with the results
in the figure.
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FIG. 12. Free energy functions for various degrees of bending
rigidity, κ, for N = 200 and D = 4. The inset shows the
variation of the free energy barrier height with κ.
The trends observed in Fig. 12 are helpful for under-
standing some results of the recent study by Racˇko and
Cifra.23 In that study, Langevin dynamics simulations
were used to study the effects of bending rigidity on the
segregation rate for polymers under cylindrical confine-
ment. It was found that flexible chains segregate signif-
icantly faster than less flexible chains. They observed
a fast-segregation regime for low persistence length P ,
for which the segregation rate decreased rapidly with in-
creasing stiffness, and a slow-segregation regime at higher
P , for which there was little variation of the rate with
chain stiffness. For sufficiently high bending rigidity, the
10
chains even failed to segregate over the time scale of the
simulation. The transition between the regimes occurred
when P ∼ D. Fast segregation is expected to correspond
to a large effective driving force magnitude, f ≡ |dF/dλ|,
which our results show clearly decreases with κ (and,
thus, P ). In addition, the driving force is also closely
correlated with the barrier height, ∆F , which, as the in-
set of the figure shows, decreases abruptly until P ≈ 5.
Note that κ/kBT = P/〈lbond〉, where 〈lbond〉 ≈ σ = 1 is
the mean bond length. Thus, the transition occurs when
P ∼ D, and the trends in segregation rates predicted
from the free energy results are consistent with those of
the dynamics simulations.
Figure 13 shows the overlap distance La and extension
length Lext as a function of λ for various κ These data
were generated using the same free energy simulations
used for Fig. 12. As expected, stiffening the chains leads
to greater longitudinal extension of the polymers. This,
in turn, leads to a greater degree of overlap for any given
separation, λ. Another interesting trend is the gradual
disappearance of regime III, in which La ≈ 0 and the
extension length Lext first rapidly decreases due to poly-
mer retraction and then slowly increases with λ. As κ is
increased, the variation of La with λ becomes more uni-
formly linear. In addition, the “retraction dip” in Lext
disappears, and the difference in Lext between the over-
lap and non-overlapping regions vanishes. As in Fig. 12,
the cross-over between the regimes occurs when P ∼ D.
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FIG. 13. Overlap length La (solid lines) and polymer ex-
tension length Lext (dashed lines) vs λ for various degrees of
bending rigidity, κ, for N = 200 and D = 4. The data were
generated using the same simulations used for the results in
Fig. 12.
Consider the case for chains of length N = 200 and
bending stiffness κ = 40 in a D = 4 cylinder. Since
P ≈ 40 and the contour length of the chain, C, has a
value C ≈ 200, the condition for the Odijk regime, D ≪
P ≪ C is marginally satisfied. Figure 14 shows the free
energy function for this system. The curve is highly linear
over the range 12 . λ . 188, with slight deviations from
linearity for 0 ≤ λ . 12 and 188 . λ . 195. (The
inset of the figure illustrates the deviation for the latter
case.) These regions correspond to Lb . 12 and La . 7,
respectively.
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FIG. 14. Free energy function for polymer chains of length
N = 200 and bending rigidity κ = 40 in an infinite tube of
diameter D = 4. The blue curve shows a linear fit to most
of the data. The inset shows a close up near the point past
which the polymers no longer overlap.
The trend where F varies linearly with λ, with only
slight discrepancies near the edges of the regime where
the chains overlap, is a generic feature of systems we
have examined that marginally satisfy the Odijk con-
dition. The derivative F ′(λ) in the linear domain was
calculated for these systems by fitting F (λ) in this re-
gion with a linear function. Figure 15(a) shows the vari-
ation of the magnitude of the derivative, β|F ′(λ)|, vs
P for four different cylinder diameters. For each D, a
fit to the function β|F ′| ∼ P−α, yields exponents near
α ≈ 0.37. Figure 15(b) shows the same data, except
with the derivatives scaled by a factor of D2.03. This
scaling factor was found to yield the best collapse of the
data onto a single function. Thus, the results suggest
that β|F ′| ∼ D−βP−α in the Odijk regime, where β ≈ 2
and α ≈ 0.37.
A theoretical prediction for the scaling of F ′(λ) with
respect to D and P in the Odijk regime can be derived
as follows. First recall that the confinement free energy
of a single chain, F1, can be approximated by assigning
kBT for each deflection of the chain off of the walls of
the confining cylinder. Thus, F1 ∼ kBTLext/ldef, where
the Odijk deflection length is given by ldef ≈ D2/3P 1/3.35
The confinement free energy of a system of two overlap-
ping chains can be written, Fc = 2F1 + F
(int), where
F (int) is the interaction free energy associated with the
overlapping portions of the chains. This term can be
estimated using an approximation of the free energy of
a system of long, hard rigid rods. For that system, re-
call that the interaction free energy per particle, in the
2nd virial approximation, is given by F (int)/NkBT =
(l2σN/V )〈| sin γ|〉 for N rods of length l and diameter σ
confined to a volume V , where γ is the angle between two
rods.36 For highly aligned systems, 〈| sin γ|〉 ∼
√
〈θ2〉,
where θ is the angle between the rod and the alignment
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FIG. 15. (a) Magnitude of the free energy function derivative,
β|dF/dλ|, vs polymer persistence length, P . The derivative
is obtained from a fit to the linear region of F (λ) for systems
that marginally satisfy the condition for the Odijk regime.
Data are shown for N = 200 chains for four cylinder diameters
and are chosen to satisfy 4D ≤ P ≤ 4C. The solid lines are
power law fits of the four data sets. (b) Scaled free energy
function derivatives, D2.03β|F ′(λ)| vs P using the data in (a).
The solid line is a power law fit to all of the data. The fit
yielded D2.03β|F ′(λ)| ∼ P−0.37.
direction. To apply this result to the present system,
we treat a deflection segment of length ld as a rigid rod,
and note that V corresponds to the volume over which
intermolecular segments overlap. Thus, we substitute
l → ld ∼ D2/3P 1/3, N → 2Nd ≡ 2L/ld, and V ∼ LaD2.
In addition, assuming that the alignment arises princi-
pally from the confinement, 〈θ2〉 ∼ (D/ld)2. It follows
that the overlap free energy is βF ≡ β(Fc − 2F1) ∼
LaσD
−5/3P−1/3. Next, we note that La ≈ Lext − λ,
where the extension length Lext was confirmed to be con-
stant with respect to λ (data not shown). This leads
finally to the prediction that d(βF )/dλ ∼ −σD−βP−α,
where β = 5/3 and α = 1/3.
The predicted exponents are comparable to the mea-
sured exponents, though the differences between them
are still significant. It is likely that the ratios P/D and
C/P are not sufficiently large for some of the approxi-
mations to be completely valid. The deviations of this
scaling from the form βF ′(λ) ∼ D−βP−α, evident in
the scatter of the data points about the best fit curve
in Fig. 15(b), also suggest that the scaling regime has
not been reached. We speculate that agreement with the
predicted scaling would improve if the Odijk conditions
were better satisfied. However, such verification requires
using much longer polymer chains, which is not feasible
for us at present.
V. CONCLUSIONS
In this study, we have used MC simulations to system-
atically study the overlap free energy function, F (λ), for
two linear polymers with center of mass separation, λ,
confined in a cylindrical tube of diameter D and length
L. As expected, F increases with decreasing polymer sep-
aration. In the case of flexible chains confined to tubes
of infinite length, the functions are characterized by well
defined domains. One unexpected result is the existence
of a domain in which the polymers do not overlap, but are
in contact and are compressed. This domain disappears
when the polymers stiffen, with the cross-over at P ∼ D,
where P is the persistence length. We observe scaling
laws for the free energy functions for both flexible and
semi-flexible chain systems that are qualitatively consis-
tent with theoretical predictions using scaling arguments.
However, there are deviations are observed between the
measured and predicted values of the scaling exponents,
which are most likely due to insufficiently satisfying the
conditions defining the de Gennes and Odijk regimes. For
confinement cylinders of finite L, the free energy barrier
height increases with increasing confinement aspect ratio,
L/D, at fixed packing fraction, φ, and decreases with in-
creasing φ at fixed L/D. These results are consistent
with previous measurements of polymer miscibility for a
comparable model system.20
While the main focus of this work is the characteri-
zation of the free energy functions, we also carried out
simulations to study the dynamics of segregation. The
goal here was to examine the relationship between the
segregation rates and the free energy functions. One no-
table result is the deviation from conformational quasi-
equilibrium observed at later times during polymer sep-
aration. This implies that the free energy functions can-
not be used (e.g. in the Fokker-Plank equation) to make
quantitatively accurate predictions for the segregation
dynamics, since the F (λ) characterizes a system in equi-
librium. Nevertheless, we did observe the intuitively ap-
pealing qualitative trend that the rate of polymer segre-
gation is generally faster when |dF/dλ| increases. Fur-
thermore, although we did not not study the segregation
dynamics for chains of finite stiffness in this work, the
observed effect of varying the chain rigidity on the free
energy functions does qualitatively explain the observed
trends in a recent Langevin dynamics simulation study.23
This work has focused on the overlap free energy for
systems of relatively short (N ≤ 200) linear polymers. In
future work, we will extend the present study in several
ways. In order to make the results more applicable to
chromosome separation in bacteria, we will examine the
free energy functions of cylindrically confined ring poly-
mers, as well as examine the role of crowding agents, as
12
in Ref. 24. Preliminary calculations using ring polymers
have thus far yielded trends comparable to those observed
here. In addition, we will study systems of much longer
chain lengths by employing more efficient Monte Carlo
simulation methods. This will allow a more effective test
of the scaling predictions described in this work. It will
also enable us to examine the changes in the free energy
as a system of semi-flexible polymers transitions from the
Odijk regime to the de Gennes regime upon increasing
the confinement diameter.
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